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We investigate the relative particle number squeezing produced in the excited states of
a weakly interacting condensate at zero temperature by stimulated light scattering using a
pair of lasers. We shall show that a modest number of relative number squeezed particles
can be achieved when atoms with momentum k, produced in pairs through collisions in
the condensate, are scattered out by their interaction with the lasers. This squeezing is
optimal when the momentum k is larger than the inverse healing length, k > k0. This
modest number of relative number squeezed particles has the potential to be amplified in
four-wave-mixing experiments.
A macroscopic source of strongly entangled
atoms would be immensely valuable for such appli-
cations as Heisenberg limited clocks [1], quantum
information processing (for reviews see [2]), and
tests of quantum state reduction [3]. Various meth-
ods of producing macroscopic entangled atoms us-
ing Bose-Einstein condensates (BECs) have been
proposed, such as four-wave-mixing [4] and uti-
lizing spin-exchanging collisions in a trap [5,6].
The goal of this letter is to investigate the rela-
tive number squeezing produced in excited states
of a condensate using stimulated light scattering
[7]. We shall briefly discuss how this relative num-
ber squeezing can be converted into entanglement.
The main result of this letter is that if atoms, pro-
duced in pairs through collisions in the conden-
sate, are scattered out by their interaction with
the lasers, then a modest number of almost op-
timally relative number squeezed particles can be
produced (as shown in Figure 1).
We consider a homogeneous condensate of
atoms whose collisional interaction is described
by a contact interparticle pseudopotential Φ(r) =
U0δ
(3)(r). Relative number squeezing in the situ-
ation considered in this paper originates from pair
producing collisions in a dilute BEC. To under-
stand the nature of these pair-producing collisions
present in a dilute uniform BEC, we first consider
how weak repulsive interactions affect the ground
state. Correlations between free particle states
with momenta k and −k (all momenta are under-
stood to be vectors) are present in the condensate
ground state, |φ0〉. These arise from the momen-
tum conserving interaction between two conden-
sate atoms colliding that admix momentum states
k and −k into the ground state. Observation of
the suppression of the static structure factor at
low k [9] is evidence for the existence of these cor-
related pair excitations. In general this homoge-
neous model should be a good approximation for
the large condensates as produced in recent exper-
iments.
In this paper, we investigate the possibility of
making these correlations more accessible by trans-
ferring one particle of such a pair into a state of
higher momentum, e.g. k into k +∆k, using stim-
ulated light scattering. We find that squeezing of
the population difference between the modes −k
and k + ∆k in the final state may be achieved in
principle only for momenta k on the order of or
larger than the inverse healing length [10].
In the homogeneous model condensate the eigen-
modes of the weakly interacting Hamiltonian,
which we define below, are travelling plane waves.
Furthermore, we impose periodic boundary condi-
tions in a finite volume V , which makes the mo-
mentum spectrum discrete. This should be a rea-
sonable approximation since one can fix the photon
momenta by tuning the two lasers and the atomic
momenta by assuming a measurement or an ex-
traction mechanism to be concentrated on the rel-
evant momenta.
We can describe the condensate with a second
quantized Hamiltonian of the form:
Hˆ =
∑
k
h¯2k2
2m
aˆ†kaˆk +
U0
2V
∑
k,k1,k2
aˆ†kaˆ
†
k1
aˆk2 aˆk+k1−k2 ,
(1)
where U0 = 4pih¯
2a/m, a is the 2-body scattering
length that characterizes the collisions between the
atoms, and m is the atomic mass.
By assuming that there is a macroscopic popula-
tion in the k = 0 momentum state and neglecting
terms of order N1/2, where N is the total number
of bosons, we can approximate this Hamiltonian
to describe a dilute condensate at low temperature
[11] obtaining
HˆBEC ≈
∑
k 6=0
(
h¯2k2
4m
+
NU0
V
)
(aˆ†kaˆk + aˆ
†
−kaˆ−k)
1
+
NU0
V
(aˆkaˆ−k + aˆ
†
kaˆ
†
−k). (2)
Note that we have redefined the ground state en-
ergy to be zero. We then diagonalize HˆBEC by
introducing a linear transformation, aˆk = ukαˆk −
vkαˆ
†
−k, from particle operators, aˆk, to quasipar-
ticle operators, αˆk, where uk = (1 − β2k)−1/2,
vk = βk(1 − β2k)−1/2, βk = 1 + y2k − yk(2 + y2k)1/2,
yk = |k|/|k0|, k20 = 8piaN0/V , and N0 is the num-
ber of particles in the k = 0 momentum state. We
can write
HˆBEC =
∑
k 6=0
h¯ωkαˆ
†
kαˆk, (3)
where ωk = (h¯k
2
0/2m)yk
√
2 + y2k [10]. Through-
out this paper we are assuming that our system
is at, or modestly perturbed from, a quasiparticle
vacuum or T = 0. The ground state |φ0〉, for the
uniform weakly interacting BEC, is then defined
by αˆk|φ0〉 = 0 for k 6= 0, implying
|φ0〉 =
∞∑
n=0
∑
k
(
− vk
uk
)n
|n−k, nk〉. (4)
This state has the form of a set of two-mode
squeezed states [12] and consequently has the prop-
erty of being perfectly relative number squeezed,
or having zero variance in the relative number of
particles in k and −k, i.e. [∆(nk − n−k)]2 =
〈(nˆk − nˆ−k)2〉 − 〈nˆk − nˆ−k〉2 = 0.
Squeezing in the relative number of particles be-
tween states is not equivalent to entanglement, but
these squeezed states, if not already entangled, can
be converted into entangled states. For example,
a twin Fock state, which is an optimally relative
particle number squeezed system, can be converted
into an entangled system via a 50/50 beam-splitter
[13–15]. The ground state of a dilute uniform BEC
(eq. (4)) is optimally relative number squeezed.
However, this is presumably of practical use only
if the populations of these squeezed states can be
separated from the condensate ground state.
We shall quantify the degree of relative num-
ber squeezing by defining the squeezing parameter,
ξk,k′ , to be
ξk,k′ ≡ [∆(nk − nk
′)]2
nk + nk′
(5)
where nk = 〈nˆk〉 = 〈aˆ†kaˆk〉 is the number of par-
ticles in a momentum state k. This squeezing pa-
rameter is equivalent to the one introduced by [16]
in the spin-squeezing formalism to take into ac-
count the correlations of particles discussed by [17].
If the two relevant states are independent and co-
herent then ξk,k′ = 1. On the other hand, for
optimally relative number squeezed populations of
the momentum states k and k′, [∆(nk−nk′)]2 = 0
implying ξk,k′ = 0. So as ξk,k′ decreases, the rela-
tive number squeezing between the two states im-
proves.
Relative particle number squeezed systems can
be a valuable source for entanglement if the parti-
cles in the squeezed states can be extracted from
the condensate. In this letter, we investigate
how to accomplish this extraction using stimulated
light scattering. In this method a condensate is il-
luminated using two laser beams with a wave vec-
tor difference of ∆k and a frequency difference of
δ [18]. Since we are approximating quasiparticles
by travelling plane waves, the outcome of a loca-
tion measurement of particles is completely unde-
termined, and the scattering strictly speaking does
not lead to an extraction, where an atom moves
out along a defined trajectory. However, since we
are interested only in populations, we assume that
particles with a momentum large enough to leave
a trapped condensate may be described approxi-
mately by plane waves. In a more realistic for-
mulation the particles would be described by wave
packets whose momentum distribution is smeared
out around the momentum of this plane wave.
In the remaining part of this letter, we study
ways to obtain the best possible amount of squeez-
ing between atomic states of different momenta.
We calculate the time evolution of the system and
the relevant populations using perturbation the-
ory. We treat the effective coupling between the
laser and the condensate, Ω˜, as a perturbation to
the Hamiltonian (3) describing a weakly interact-
ing condensate. The results presented below have
been calculated to the order Ω˜2. Hence, we are im-
plicitly assuming that the lasers do not drive the
system far out of equilibrium, so that the Bogoliu-
bov approximation still holds.
The effective Hamiltonian can be written as
Hˆ = HˆBEC + HˆL, where
HˆL =
1
2 h¯Ω˜
∑
k
(aˆ†kaˆk−e
−iδt + h.c.) (6)
(subscripts k± are shorthand for k ± ∆k). Us-
ing the quasi-particle transformation already in-
troduced, the Bogliubov approximation implying
aˆ0, aˆ
†
0 →
√
N0, and noting that (aˆ
†
∆k + aˆ−∆k) =
(u∆k − v∆k)(αˆ†∆k + αˆ−∆k) we obtain
HˆL =
1
2 h¯Ω˜e
−iδt
[√
N0(u∆k − v∆k)(αˆ†∆k + αˆ−∆k)
+
∑
k 6=0,∆k
(
ukk− αˆ
†
kαˆk− − uk−vkαˆ−kαˆk−
− ukvk− αˆ†kαˆ†−k−
)]
+ h.c. (7)
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where ukk′ = ukuk′ + vkvk′ , vkk′ = ukvk′ + vkuk′ .
Note the factor of (u∆k−v∆k) originates because of
the destructive interference between two resonant
paths connecting the k = 0 momentum state to the
momentum states±∆k [9]. We have approximated
the internal structure of the atom to be represented
by a two-level system. The coupling is given by
Ω˜ = |Ω|2/2∆, where Ω is Rabi frequency of the
one-photon transition between the internal atomic
states. The detuning, ∆, of the laser from the in-
ternal atomic transition frequency is assumed to be
sufficiently large to adiabatically eliminate the in-
termediate state. We have neglected the AC-Stark
shifts.
We investigate the squeezing behavior of parti-
cle populations of modes k 6= ±∆k that are not
directly coupled to the condensate mode (k = 0)
by their interaction with the lasers. We find
that the best squeezing occurs between popula-
tions of momentum states k + ∆k and −k as
the two laser beams with their frequency differ-
ence tuned to δ = ωk + ωk+∆k excite a parti-
cle from a correlated pair in the ground state
[19]. In this case the interaction Hamiltoninan is
HˆL ≈ − 12 h¯Ω˜ vkk+ αˆ†k+∆kαˆ†−k+h.c., which has the
form of a two-mode squeezing operator. Therefore,
the quasiparticle populations at momenta k +∆k
and −k are optimally relative number squeezed to
the order of the calculation. Since this simplified
Hamiltonian is proportional to vkk+ , it is clear that
the collisions during the stimulated photon scatter-
ing are the essential process for the production of
squeezing. We project these optimally squeezed
quasiparticle states onto a particle basis to ob-
tain the particle squeezing parameter ξk+∆k,−k as
a function of |k| (assuming ∆k = k/2) for succes-
sive times as seen in Fig. 1.
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FIG. 1. The squeezing parameter ξk+∆k,−k, for
∆k = k/2, as a function of |k| for successive times
for typical experimental parameters: N0 = 10
7
23Na atoms, Volume V = 10−7 cm3, a = 2.8 nm,
Rabi frequency Ω = (2pi) 1.8MHz, and detun-
ing ∆ = (2pi) 1GHz implying n0 = 10
14 cm−3,
h¯k20/2m = (2pi) 1.5 kHz and Ω˜/(h¯k
2
0/2m) = 1.0. Note
that the squeezing improves with increasing time and
increasing momentum.
As time increases the squeezing improves
and the squeezing parameter asymptotically ap-
proaches a minimum value
ξk+∆k,−k ≈ [(u2k+ + v2k+)u2k+ + (u2k + v2k)u2k
− 2u2ku2k+ ]/[u2k+ + u2k]. (8)
Although perturbation breaks down at large times,
the limit of the validity of our perturbative calcu-
lation is very close to the asymptotic limit. On
resonance, the particle populations of atoms with
momenta k +∆k and −k are approximately given
by
nk+∆k ≈ v2k+ + 14 (Ω˜t)2u2k+v2kk+ , (9)
n−k ≈ v2k + 14 (Ω˜t)2u2kv2kk+ , (10)
respectively. We can see from Figure 1 that the
relevant states are approximately relative number
squeezed (ξk+∆k,−k close to zero) in the particle
regime |k| > k0. For example, if we assume the
same experimental parameters as used in Figure 1,
the two lasers’ combined pulse with a duration of
10ms should produce roughly 60 particles in both
momentum states 3k0 and −2k0. These momen-
tum states should be almost optimally squeezed
with ξk+∆k,−∆k ≈ 0.
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FIG. 2. The squeezing parameter ξ∆k,−∆k as a func-
tion of |∆k| for successive times for the same exper-
imental parameters as used in Figure 1. Note that
the squeezing deteriorates with increasing time and
the squeezing is concentrated at the low momentum
(|∆k| < k0) states.
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It is also instructive to investigate the lead-
ing order process in which particles in the con-
densate mode k = 0 are directly scattered into
modes ±∆k. We consider the relative particle
number squeezing between the momentum states
k = ∆k and k = −∆k. Assuming the laser
beams’ frequency difference is tuned to the res-
onance δ = ω∆k, the interaction Hamiltonian is
HˆL ≈ 12 h¯Ω˜
√
N0(u∆k−v∆k) αˆ†∆k+h.c., so there are
no correlations between quasiparticles to the order
of our calculation and therefore no relative num-
ber squeezing between quasiparticle populations.
However, when we project the excited quasiparti-
cle states onto a particle basis there is significant
relative number squeezing in the phonon (or quasi-
particle) regime, |k| < k0, [20] (as shown in Fig-
ure 2). This squeezing originates from the initial
state (eq. (4)) and it is clear that the squeezing
deteriorates when additional atoms are scattered
from the condensate into the modes ±∆k. This is
contrary to the previous situation where relative
particle number squeezing originates from the col-
lisions during the scattering process and improves
with time.
In summary, we have considered a situation
where one can excite relative number squeezed par-
ticles using stimulated light scattering. We have
shown that by considering states that are not di-
rectly coupled to the macroscopically populated
k = 0 state, one can in principle excite and extract
populations of strongly relative number squeezed
particles. We expect that the dominant process
to limit this relative number squeezing will be the
rescattering of atoms in collisions before they leave
the condensate. Assuming a cubic volume V , we
estimate the percentage of rescattered particles to
be smaller than r = σn0V
1/3 = 42%. We expect
that the inclusion of such processes into our calcu-
lation would yield an upper bound for the achiev-
able squeezing and an approximate time when this
optimum is reached. Another measure of the loss
is the mean decay time due to quasiparticle col-
lisions. At zero temperature the main loss mech-
anism is given by Beliaev damping processes, in
which either a quasiparticle collides with a con-
densate atom to produce a pair of quasiparticles
or two quasiparticles collide and thereby produce
an atom in the condensate and another quasiparti-
cle. For |k| ≫ k0, the inverse Beliaev decay width
τk = γ
−1
k = m/(8pia
2n0h¯k) [21] which may also
be obtained from kinetic theory, is for our above
example τ2k0 ≃ 3.5ms, giving an estimate for the
time when deteriorating processes become signifi-
cant.
The particles produced in the relative number
squeezed modes might be used as seeds for four-
wave-mixing experiments. Since the introduction
of uncorrelated particles can be minimized, the
squeezing in the output of such experiments can
be greatly improved. Note that a similar ampli-
fication method has recently been demonstrated
[22] for the production polarization-entangled pho-
tons, using stimulated emission inside a nonlinear
medium.
This work was financially supported by the
Marshall Trust (D.C.R.), the A.v. Humboldt-
Foundation and a Marie Curie Fellowship of the
European Community, contract no. HPMF-CT-
1999-0023 (T.G.), and the United Kingdom En-
gineering and Physical Sciences Research Council.
[1] S.F. Huelga, C. Macchiavello, T. Pellizzari,
A.K. Ekert, M.B. Plenio, and J.I. Cirac,
Phys. Rev. Lett. 79, 3865 (1997).
[2] C.H. Bennett and D.P. DiVincenzo, Nature (Lon-
don) 404, 247 (2000); D. Bouwmeester, A. Ekert,
and A. Zeilinger, The Physics of Quantum Infor-
mation (Springer, Berlin, 2000).
[3] R. Penrose, Phil. Trans. R. Soc. Lond. A 356, 1927
(1998).
[4] L. Deng, E.W. Hagley, J. Wen, M. Trippen-
bach, Y. Band, P.S. Julienne, J.E. Simsarian,
K. Helmerson, S.L. Rolston, and W.D. Phillips,
Nature (London) 398, 218 (1999).
[5] H. Pu and P. Meystre, Phys. Rev. Lett. 85, 3987
(2000).
[6] L.-M. Duan, A. Sørensen, J.I. Cirac, and P. Zoller,
Phys. Rev. Lett. 85, 3991 (2000).
[7] In [8], we have investigated the squeezing behav-
ior between photons and atoms coupled out from
a BEC.
[8] T. Gasenzer, D.C. Roberts, and K. Burnett,
Phys. Rev. A 65, 21605(R) (2002).
[9] D.M. Stamper-Kurn, A.P. Chikkatur, A. Go¨rlitz,
S. Inouye, S. Gupta, D.E. Pritchard, and W. Ket-
terle, Phys. Rev. Lett. 83, 2876 (1999).
[10] 1/k0 is generally referred to as the healing length.
k0 separates the phonon-type- from the free-
particle-type energy spectrum. In the homoge-
neous case k20 = 8pian0, where a is the scattering
length and n0 the condensate density.
[11] A.L. Fetter, in Bose-Einstein Condensation in
Atomic Gases, Proc. Int. School of Physics “En-
rico Fermi”, ed. by M. Inguscio, et al., (IOS, Am-
sterdam, 1999).
[12] S.M. Barnett and P.M. Radmore, Methods in The-
oretical Quantum Optics (Clarendon Press, Ox-
ford, 1997), ch. 3.7.
[13] Ch. 3.8 of Ref. [12].
[14] S. Braunstein, e-print archive: quant-ph/9904002
4
(1999).
[15] J.A. Dunningham and K. Burnett, J. Mod. Opt.
48, 1837 (2001).
[16] D.J. Wineland, J.J. Bollinger, W.M. Itano,
F.L. Moore, and D.J. Heinzen, Phys. Rev. A 46,
R6797 (1992);
D.J. Wineland, J.J. Bollinger, W.M. Itano, and
D.J. Heinzen, Phys. Rev. A 50, 67 (1994).
[17] M. Kitagawa and M. Ueda, Phys. Rev. A 47, 5138
(1993).
[18] Note that this stimulated light scattering is called
Bragg diffraction for times long enough that there
is a substantial population in the diffracted mode,
t > m/(h¯|∆k|2).
[19] A similar argument holds between populations of
momentum states k and −k−∆k, k−∆k and −k,
and k and −k +∆k.
[20] For the volume used in Figure 1, k >∼ 0.05 k0.
[21] S.T. Beliaev, Zh. Eksp. Teor. Fiz. 34, 433 (1958)
[Sov. Phys. JETP 7, 299 (1958)].
[22] A. Lamas-Linares, J.C. Howell, and D. Bouwmee-
ster, Nature (London) 412, 887 (2001).
5
